Abstract. We study the problem of lifting analytic actions of a Lie group G to a non-split complex analytic supermanifold (M, O) from its retract (M, Ogr). In the case when G is compact (or complex reductive), two criteria for lifting a Lie group action are found. The first one is invariance of theČech 1-cocycle with values in a special automorphism sheaf of (M, Ogr) determining the non-split supermanifold (M, O), while the second one is invariance of a certain differential form of a special kind which can also be viewed as a global derivation of a sheaf of differential forms on M . If the action is transitive on M , then the second criterion allows to reduce the lifting problem to the study of invariants of finite dimensional linear representations.
Introduction
The paper is devoted to the problem of lifting analytic actions on complex analytic supermanifolds. If a supermanifold (M, O) is split, i.e., is constructed by means of a holomorphic vector bundle E → M , then an analytic action of a Lie group G on (M, O) preserving the Z-grading in O is the same as an analytic action of G on E. In the non-split case, any G-action on (M, O) naturally induces a Gaction on the corresponding split supermanifold (M, O gr ) (the retract of (M, O)) preserving the Z-grading, but the converse is false. The important problem here is to settle, whether a given G-action on E is induced by an action on (M, O) or, as we say, lifts to an action of (M, O). The infinitesimal version of this problem is the question about lifting vector fields or actions of Lie algebras (and Lie superalgebras), see [2] , [8] , [10] for some results in this direction. After discussing the problem in general, we find two criteria for lifting a Lie group action in the case when G is compact or complex reductive. The first one is expressed as invariance of aČech 1-cocycle with values in a special automorphism sheaf Aut (2) O gr of (M, O gr ) lying in the cohomology class ζ ∈ H 1 (M, Aut (2) O gr ) that determines the non-split supermanifold (M, O) (see Theorem 2.1). The second one is invariance of a cocycle in the complex of global sections of a certain non-linear resolution of the sheaf Aut (2) O gr .
This main result is formulated in Theorem 3.1. The proof is based on triviality of the 1-cohomology of a compact Lie group G with values in some non-abelian topological G-groups.
If the given G-action is transitive on M , then we deal with a homogeneous vector bundle E. Then the second criterion can be expressed in terms of invariants of certain linear representations of the isotropy subgroup. In another place we will study this situation and apply the results to the case when M is a flag manifold.
The author thanks the E. Schrödinger Institute for the hospitality in October and November 2000. He is greatful to P. Michor for valuable discussions.
Preliminaries on supermanifolds
1.1. Split and non-split supermanifolds. In this paper, only complex analytic supermanifolds (M, O) are considered; here M is an ordinary complex manifold, called the reduction of M , and O is the structure sheaf of (M, O). The simplest way to get a supermanifold is as follows. Let (M, F) be a complex manifold of dimension n and E a locally free analytic sheaf of rank m on it. Defining O = F E, we get a supermanifold (M, O) of dimension n|m. A supermanifold is called split if it is isomorphic to a supermanifold of this form. The structure sheaf O of a split supermanifold admits the Z-grading O = p≥0 O p , where O p p F E; the Z 2 -grading on it is derived from the Z-grading by reducing mod 2. In what follows, we often omit the subscript F while denoting the exterior powers, the tensor products etc. of the sheaves of F-modules. Instead of the locally free sheaf E, one may consider the corresponding holomorphic vector bundle E → M .
On the other hand, there is a construction associating with any supermanifold (M, O) a split one. Let J ⊂ O be the subsheaf of ideals generated by odd elements. Consider the filtration Let π p : J p → gr p O denote the natural projection. Then we have the exact sequences of sheaves (2) 0 → J p+1 → J p πp
The supermanifold (M, O) is split if and only if there exists an isomorphism of superalgebra sheaves h : gr O → O such that its restriction h p : gr p O → J p splits (2), i.e., satisfies π p • h p = id. In general case, such an isomorphism exists over a neighbourhood of any point of M .
A classical example of a split supermanifold is (M, Ω), where Ω is the sheaf of holomorphic forms on M ; its dimension is n|n. The corresponding vector bundle is the cotangent bundle T(M ) * .
The first example of a non-split supermanifold was published in [3] ; this is the quadric in the projective superplane CP 2|2 . In [5] four series of supermanifolds of flags were constructed, corresponding to four series of classical linear Lie superalgebras. These supermanifolds are mostly non-split.
1.2. The tangent sheaf. Let (M, O) be an arbitrary supermanifold. Denote by T = Der O the sheaf of derivations of the structure sheaf O. Its stalk at x ∈ M is the Lie superalgebra Der O x = (Der O x )0 ⊕ (Der O x )1 of derivations of the superalgebra O x (the summands with the indices0 and1 consist of even and odd derivations respectively). The sheaf T is called the tangent sheaf of M . The tangent sheaf is in a natural way a sheaf of Z 2 -graded left O-modules. On the other hand, it can be regarded as a sheaf of complex Lie superalgebras with the graded Lie bracket
Sections of T (holomorphic vector fields on (M, O)) form the Lie superalgebra
We endow the tangent sheaf T with the following filtration:
Thus we obtain a filtered sheaf of Lie superalgebras. One sees that the associated graded sheaf of Lie superalgebras gr T is naturally isomorphic to T gr = Der(gr O).
In fact, any v ∈ T (p) maps J q into J q+p inducing a derivation from (T gr ) p . As a result, we get a homomorphism σ p : T (p) → (T gr ) p . One checks easily that Ker σ p = T (p+1) , and hence we have the exact sequence of sheaves
and (5) implies the following exact sequence:
, and hence we get the Lie algebra homomorphism
Now we make some remarks concerning vector fields on the split supermanifolds. If (M, O) is split, then T is a Z-graded sheaf of Lie superalgebras, the grading being given by
where
One sees easily that T 0 is the sheaf of infinitesimal automorphisms of the corresponding holomorphic vector bundle E. The filtration (4) has the form
Moreover, we get a Z-grading in any cohomology group H p (M, T ) turning H * (M, T ) into a bigraded Lie superalgebra.
In the split case, T can be regarded as a locally free analytic sheaf on the complex manifold M (see [10] ).
1.3. The supertangent bundle. Let E → M be a holomorphic vector bundle over a complex manifold (M, F), E the sheaf of holomorphic sections of E. We are going to study the tangent sheaf T of the split supermanifold (M, O), where O = F E. Since F ⊂ O, the sheaf T is a sheaf of F-modules, i.e., an analytic sheaf on M . We have the following exact sequence of locally free analytic sheaves on M (see [10] ):
where Θ = Der F is the tangent sheaf of the manifold M . The mapping α is the restriction of a derivation of O onto F, and i identifies any sheaf homomorphism E → E with its prolongation to a derivation that is zero on F. Clearly, the p-component of (7) is the following exact sequence:
In particular, in the case p = −1 we have the isomorphism
and in the case p = 0 the exact sequence
On the other hand, T is, clearly, a sheaf of O-modules. It follows that the analytic sheaf T is locally free. Moreover, any split local coordinate system x 1 , . . . , x n , ξ 1 , . . . , ξ m on (M, O) gives rise to a local basis of sections of T . In fact, the derivations ∂ ∂ξ j , j = 1, . . . , m, form a basis of sections of T −1 corresponding by (9) to the basis of E * dual to ξ j , j = 1, . . . , m. Now, the derivations , i = 1, . . . , n, j 1 < . . . < j p , and ξ j1 . . . ξ jp+1 ∂ ∂ξ j , j = 1, . . . , m, j 1 < . . . < j p+1 .
Being locally free, T is the sheaf of holomorphic sections of a (Z-graded) holomorphic vector bundle over M ; we call it the supertangent bundle and denote by ST. The fibre of ST at x ∈ M is the Z-graded vector space ST x = Der O x /n x Der O x , where n x is the maximal ideal of the local algebra F x .
On the other hand, T determines the tangent vector bundle T(M, O) over the split supermanifold (M, O), its fibre at x ∈ M being the vector superspace
where m x is the maximal ideal of the local algebra O x . As is well known,
, then we may suppose that u ∈ (Der O x ) 0 , and the desired isomorphism is given by α from (10) . In the case when u + m x Der O x ∈ T x (M, O)1, we may suppose that u ∈ (Der O x ) −1 , and the desired isomorphism is given by i from (9). Proposition 1.1. The holomorphic vector bundle ST admits a natural structure of the Z-graded E-module. For any split local coordinate system x 1 , . . . , x n , ξ 1 , . . . , ξ m on (M, O), the derivations
, j = 1, . . . , m, form a basis of local holomorphic sections of ST as of the E-module. We have the following exact sequence of holomorphic vector bundles over M corresponding to (7):
Proof. Clearly, the vector bundle corresponding to the locally free analytic sheaf O is E. The natural structure of O-module on T gives rise to a structure of the E-module on the vector bundle ST.
For any x ∈ M , consider the natural projection
Clearly, this is an even surjective linear mapping. To describe its kernel, we note that m x = n x ⊕ J x , where
where Let us describe the transition functions of the supertangent bundle. Let y 1 , . . . , y n , η 1 , . . . , η m be another split local coordinate system on (M, O). On the intersection of the domains of these coordinate systems (supposed to be non-empty) we have the transition functions of the form
where the functions y i (x 1 , . . . , x n ), x i (y 1 , . . . , y n ), a kj and b kj are holomorphic. One deduces easily the following relations that give the transition functions of T(M, O):
They can be expressed by the following functional (n + m) × (n + m)-matrix:
. . . 
We denote here A = (a ir ), B = (b jk ). The transition functions of ST can be easily determined, using (12) and the structure of E-module on ST. By definition, any a ∈ Aut O induces the identity mapping on F = O/J . Consider (14) Aut
Then we get the following finite filtration:
Any automorphism preserves the filtration (1), and hence any Aut (2p) O is a subsheaf of normal subgroups. It also is invariant under the action Int of Aut(M, O) defined above.
To study the sheaves Aut (2p) O, one can use the linearization method proposed in [15] (see also [8] , [13] ). As in the classical Lie theory, there exists a natural relationship between automorphisms and even derivations of the sheaf O. In particular, the filtration (4) gives rise to a filtration of T0 corresponding to (14) ; it is given by
Now, we have the exponential mapping exp :
It is expressed by the usual exponential series which is actually a polynomial, since any v ∈ T0 (2) satisfies v k = 0 for all k > m 2 . One proves that exp is an isomorphism of sheaves of sets (but in general not of groups). We denote log = exp −1 . Consider the mappings
One verifies that these are homomorphisms of sheaves of groups. Clearly, Ker λ 2p = Aut (2p+2) O, and hence for any p ≥ 1 we have the exact sequence of sheaves of groups
2. Non-abelian cochain complexes and classification theorems 2.1. Cochain complexes. We remind first some definitions and simple facts from [8] , [11] , [12] . For any group G, we denote by l g , r g and
g respectively the left and right translations and the inner automorphism of G determined by g ∈ G.
Let G and A be certain groups. We say that A is a G-group if an action σ : G → Aut A of G by automorphisms of A is given. We will often write ga = σ(g)(a), g ∈ G, a ∈ A. A mapping ϕ : G → A is called a crossed homomorphism if
Clearly, in this case, Ker ϕ = ϕ −1 (e) is a subgroup of Γ, and ϕ(g) = ϕ(h) if and only if h ∈ g Ker ϕ. Any crossed homomorphism ϕ : G → A determines the action ρ of G on A given by
Clearly, ρ coincides with σ on Ker ϕ, and Im ϕ is the orbit ρ(G)(e).
A cochain complex is a triple
2 is a set with distinguished point, and two actions σ p of K 0 on K p , p = 1, 2, by automorphisms of a group and of a set with distinguished point, respectively, are given. Further, we should have two coboundary operators δ 0 :
is a homomorphism of sets with distinguished points, and
where ρ is the action of
We define the sets of p-cocycles Z p (K) = Ker δ p , p = 0, 1, the 0-cohomology group
and the 1-cohomology set
The latter is usually endowed with the distinguished point ε = ρ(K 0 )(e) = Im δ 0 . Clearly, H 0 (K) coincides with the stabilizer of e ∈ K 1 under the action ρ.
commuting with the actions σ p and with the coboundary operators (or, which is the same, with ρ, σ 2 and δ 1 ). Any homomorphism of complexes f :
, and the operations in L are induced by those of K. Then the identical mapping i : L → K is a homomorphism of complexes.
An exact sequence of cochain complexes can be defined in an obvious way. In what follows, we will consider short exact sequences of the form
Here we mean that f p are injective, g p are surjective, while Im f = Ker g. In this case, f identifies L with the subcomplex Ker g of K.
An important technical result is the existence of the exact cohomology sequences corresponding to a subcomplex or to an exact sequence of cochain complexes (see [8] , Section 1.3). In the second case, it is expressed by the following theorem.
Theorem 2.1. Let the exact sequence of cochain complexes (18) be given. Then the following sequence of sets with distinguished points is exact:
Moreover, there is a natural action ρ * of the group The absense of a natural group operation in the 1-cohomology set is compensated in part by the following 'twisting' construction. Retaining the above notation, suppose that a cochain complex K is given. A cocycle z ∈ Z 1 (K) being fixed, we define the twisted complex K z by (19)
is the stabilizer of z under the action ρ. The translation r z maps bijectively Z 1 (K z ) onto Z 1 (K), takes 0 to z and induces a bijection r * z :
Clearly, r * z (ε) = ζ is the cohomology class of z in H 1 (K). Thus, the twisting operation replaces the distinguished point ε ∈ H 1 (K) by ζ. The following situation will be important in what follows. Let G be a group and K a cochain complex. We say that K is a G-complex if an action of G by automorphisms of K is given. Clearly, in this case we get the induced actions of G on H 0 (K) (by group automorphisms) and on the set H 1 (K) (preserving the point ε). One easily verifies that, for any G-complex K, the triple of sets of G-
One easily verifies that the twisted complex K z defined above is a G-complex as well, and that the bijection r * z :
be a homomorphism of complexes and let certain structures of the G-complex on K and Q be given. We say that f is a homomorphism of G-complexes if f q , q = 0, 1, 2, are G-equivariant. In this case, the mappings f * q :
, will be a homomorphism of G-complexes as well.
TheČech complex.
Here we discuss the classical example of a non-abelian cochain complex giving rise to the well-known definition of the 1-cohomology set
Consider the triple C = C(U, F) = (C 0 , C 1 , C 2 ). To make it a cochain complex, we set
j . The sets of cocycles are denoted by Z p (U, F), and the cohomology sets by H p (U, F), p = 0, 1. The group H 0 (U, F) coincides with the group of global sections Γ(M, F) and does not depend of U. This is not true for the 1-cohomology. Passing to the limit over all open covers U of M , we get the 1-cohomology set of M with values in F denoted by H 1 (M, F). Note that the natural mapping
Let F and G be two sheaves of groups on M and f : G → F a homomorphism of sheaves of groups. Then, for any open cover U of M , the homomorphism of complexes f : C(U, G) → C(U, F) is defined in an obvious way. The latter induces cohomology homomorphisms f * :
, and, after passing to the limit, homomorphisms f * :
In what follows, we will denote by ∂ p the coboundary operators δ p , p = 0, 1, defined above.
Suppose now that an action of a group G by homeomorphisms of M is given. Let us consider open G-covers, i.e., open covers U = (U i ) i∈I of M such that G acts on I and gU i = U gi for any g ∈ G, i ∈ I. Suppose that F is a G-sheaf, i.e., that G acts on F by sheaf automorphisms inducing the given action on M . Then we get the action of G on any group C p (U, F), p ≥ 0, by automorphisms, given by
One easily verifies that this is a structure of the G-complex on C(U, F). This gives rise to natural actions of G on H 0 (M, F) (by group automorphisms) and on H 1 (U, F) and H 1 (M, F) (leaving the unit element invariant). As an example, consider the sheaves of automorphisms of a supermanifold. As we saw in Subsection 1.4, the sheaves Aut O and Aut (2p) O are G-sheaves under the action Int of the group G = Aut(M, O). Note also that G acts on the sheaf T by the automorphisms of Lie superalgebra sheaf u → Int
Let E be a holomorphic vector bundle over a complex manifold M , and E the sheaf of holomorphic sections of E. Then we have the split supermanifold (M, O), where O = E. Clearly, any automorphism of the vector bundle E gives rise to an automorphism of (M, O), and thus we may identify Aut E with a subgroup of Aut(M, O) (this is just the subgroup preserving the Z-grading of O). It follows that Aut O and Aut (2p) O may be considered as (Aut E)-sheaves. Further, Aut E preserves the Z-grading of T , and therefore T p are (Aut E)-sheaves.
Let again (M, O) be an arbitrary complex supermanifold and let (M, O gr ) denote its retract. Using the homomorphism F →F of the group Aut(M,
Let us describe the correspondence mentioned in Theorem 2.2. Let (M,
does not depend on the choice of h i ; this is the desired class.
The relation between O and O gr is a special case of the following general notion (see, e.g., [11] , [12] ). Let S be a sheaf of sets (or groups, algebras, etc.) on M and let a cocycle z ∈ Z 1 (U, Aut S) be given, where U = (U i ) i∈I is an open cover of M . Then we can define the twisted sheaf S z from the same category as S by gluing together any two sheaves S|U i and S|U j over U i ∩ U j = ∅, where we identify a i ∈ S x and a j ∈ S x , x ∈ U i ∩ U j , under the condition a i = z ij (a j ). This sheaf depends, up to isomorphism, on the cohomology class ζ ∈ H 1 (M, Aut S) only. Clearly, in our special case, we have O = O z gr . Returning to generalČech complexes, consider a sheaf of groups F on M and fix a cocycle z ∈ Z 1 (U, F). Using inner automorphisms, we get the cocycle α z = (α zij ) ∈ Z 1 (U, Aut F). Then the twisting operation gives us the sheaf of groups F αz . One proves (see [8] ) that there exists an isomorphism h between the cochain complexes C(U, F αz ) and C(U, F) z . It is defined by
Thus, the cohomology of the twisted sheaf F αz can be computed with the help of the twisted complex C (U, F) z . In particular, we get the bijections r * z : F) mapping ε onto the cohomology class ζ of z. This connection between twisted sheaves and twisted complexes allows to get more information from the cohomology exact sequences. 
). Following to [7] , [12] , a sheaf of cochain complexes R on M is called a resolution of a sheaf of groups F if H 0 (R) = F and H 1 (R) = {ε} (the trivial sheaf of sets). This means that the following sequence of sheaves is exact:
where i is the natural inclusion. The cochain complex of global sections R = Γ(M, R) has, in general, non-trivial 1-cohomology. Applying the exact cohomology sequence associated with the subsheaf F of R 0 , we get the following result establishing a relation between this cohomology set and H 1 (M, F).
Theorem 2.3. Suppose that a resolution R of a sheaf of groups F on M is given and denote R = Γ(M, R). Then i : F → R 0 induces an isomorphism of groups
Further, we have an injective homomorphism of sets with distinguished points µ :
The mapping µ is induced by the connecting homomorphism of the exact cohomology sequence and can be easily described explicitly. Take w ∈ Z 1 (R). There exists an open cover U = (U i ) of M such that w = δ 0 (a i ), where
i a j . Then µ maps the cohomology class of w onto that of z.
Let G be another sheaf of groups on M and S its resolution. Suppose that we have a homomorphism of sheaves of complexes ϕ = (ϕ 0 , ϕ 1 , ϕ 2 ) of S into R, or, which is the same, a commutative diagram
Then we get the corresponding homomorphism ϕ : S = Γ(M, S) → R = Γ(M, R) of the complexes of global sections. The following diagram is commutative:
Now suppose that an action of a group G by homeomorphisms of M is given. Then we may naturally introduce the notion of the sheaf of G-complexes on M . In particular, a G-resolution of a G-sheaf of groups F is, by definition, a sheaf of Gcomplexes R such that H 0 (R) = F and H 1 (R) = ε. In this case, R = Γ(M, R) will be a G-complex, and the mapping µ : H 1 (R) → H 1 (M, F) will be G-equivariant.
To describe this mapping explicitly, it is convenient to useČech complexes of open G-covers (see Subsection 2.2).
Consider again a complex supermanifold (M, O) and retain the notation of the preceeding sections. Following to [12] , [14] , we are now going to construct certain resolutions of the sheaves Aut (2p) O. More precisely, we denote by O the structure sheaf of the split supermanifold associated with a holomorphic vector bundle E over M . The structure sheaves of supermanifolds with retract (M, O) will be regarded as twisted sheaves O z , where z are 1-cocycles with values in Aut (2) O (see Subsection 2.2).
First we construct a fine resolution of the sheaf T = Der O endowed with a bracket operation that extends the operation (3) given in T . Let us denote by Φ p,q the sheaf of smooth complex-valued forms of type (p, q) on M . We consider the standard Dolbeault-Serre resolutionΦ of the locally free analytic sheaf O on the manifold (M, F), settingΦ
Then, regardingΦ as a sheaf of graded algebras with respect to the total degree, consider the sheaf of bigraded Lie superalgebrasT = DerΦ. Clearly,D = ad∂ is a derivation of bidegree (0, 1) ofT satisfyingD 2 = 0. Set
One sees readily that S is a subsheaf of bigraded subalgebras ofT that is invariant underD. Moreover, T is identified with the kernel of the mappingD : S * ,0 → S * ,1 . Thus, we get the sequence 0 → T i → S * ,0D → S * ,1D → . . . .
By [10] , this is a fine resolution of T isomorphic to the standard Dolbeault-Serre resolution Φ 0, * ⊗ T of the locally free analytic sheaf T . Moreover, i is a homomorphism of graded Lie superalgebra sheaves, and hence the natural bracket in S may be used to calculate the bracket in H * (M, T ) induced by the Lie bracket (3). More precisely, if we denote S p,q = Γ(M, S p,q ) and S = p,q≥0 S p,q , then the bigraded Lie superalgebras H * (M, T ) and H(S,D) are isomorphic. We also need some sheaves associated with the smooth supermanifold corresponding to (M, O). Denote by F ∞ the sheaf of differentiable complex-valued functions on M and by E ∞ the sheaf of differentiable sections of E. Then the sheaf of algebras
is the sheaf of differentiable sections of E. We have
and its subsheaves
where p ≥ 1. The sheaf of groups PAut (2) O ∞ acts on S by the automorphisms Int a(u) = aua −1 . Now we can construct a resolution
where δ q , q = 0, 1, and the action σ q of K
Clearly, the corresponding action
One proves that (22) is an exact sequence of sheaves, i.e., that
together with the coboundary operators and actions given by (23), (24). One proves that H 1 (M, K 0 (p) ) = {ε} (for p = 1 this is essentially the Batchelor's theorem stating that any smooth supermanifold is split). By Theorem 2.2, we have isomorphisms of sets with distinguished points
Clearly,
and the following commutative diagrams hold:
(25)
where the horizontal arrows are induced by inclusions. We note that the group Aut E acts on the resolutions K (p) and on the complexes K (p) in such a way that they become Aut E-complexes. In fact, first we get the natural action F → F * of Aut E on the bigraded sheafΦ such that F * •∂ =∂ • F * . This action induces the action F → Int F * of Aut E onT given by Int F * (u) = F * • u • F −1 * . Clearly, this latter action preserves the bracket inT and commutes withD. Moreover, the subsheaf S is invariant under Int F * , F ∈ Aut E. Consider the corresponding action F → Int F * of Aut E on K q (1) , q = 1, 2, and the action Int of this group on K 0 (1) = PAut (2) O ∞ ) by inner automorphisms. One sees readily that K (1) will be a Aut E-resolution of the sheaf Aut (2) O. Moreover, the defined action leaves any subcomplex K (p) , p ≥ 1, invariant. It follows that all the mappings in (25) are Aut E-equivariant. Now, we are going to construct some twisted cochain complexes (see Subsection 2.1). Let us fix a cocycle w ∈ Z 1 (K (1) ). Using (19), (20), we get the sheaf of twisted cochain complexes K
(1) ) with the same sheaves of cochains as K (1) and the same actions σ q , q = 1, 2, but with the new coboundary operators and the new action ρ given by (26) 
i a j . Clearly, µ 1 (ω) = ζ, where ω and ζ are the cohomology classes of w and z in H 1 (K (1) ) and
i f a i ), we see that f i ∈ Aut (2) O and
can be regarded as a resolution of (Aut (2) O) αz . But this latter sheaf of groups is naturally identified with Aut (2) O z . In fact, an element of this sheaf is given by a family of automorphisms (
). Thus, the desired identification can be expressed by (a i )((ξ i )) = (a i (ξ i )). As a result, we see that K w (1) is a resolution of the sheaf Aut (2) O z , where O z is the structure sheaf of the supermanifold corresponding to the class ζ = µ 1 (ω) by Theorem 2.3. Clearly, the twisted cochain complex K
. The 1-cocycles are the (continuous) crossed homomorphisms of G to A, while the distinguished point Im δ 0 = ε ∈ H 1 (G, A) is the set of so-called principal crossed homomorphisms. In the next section, we will use the following simple lemma exploiting the 1-cohomology of groups.
Lemma 2.1. Let G be a topological group, A and B two topological G-groups, and let a continuous crossed homomorphism f : A → B satisfying f (ga) = gf (a), g ∈ G, a ∈ A, be given. Denote
Proof. Clearly, N is a G-invariant subgroup of A and hence a G-group. Suppose that
3. Actions of Lie groups on supermanifolds 3.1. Actions and the lifting problem.
If G is a real or complex Lie group, then we suppose that the action is real (respectively complex) analytic in a natural way. For any g ∈ G, we have
Let E be a holomorphic vector bundle over a complex manifold M and G a (real or complex) Lie group. Suppose that E has a structure of the G-bundle, i.e., a homomorphism Φ : G → Aut E satisfying the natural analyticity conditions is given. Using the natural inclusion Aut E ⊂ Aut(M, O) (see Subsection 2.1), we may consider Φ as an action on the split supermanifold (M, O) corresponding to E. This action is Z-graded, i.e., all ϕ(g), g ∈ G, preserve the Z-grading of the structure sheaf. Conversely, any Z-graded action of G on (M, O) extends an action on the vector bundle E. We will usually consider the Z-graded actions whenever the supermanifold is split.
Let again (M, O) be an arbitrary complex supermanifold and let (M, O gr ) denote its retract and E the corresponding vector bundle. As we saw in Subsection 1.3, there exists a homomorphism Aut(M, O) → Aut(M, E) attaching to any F = (f, ϕ) ∈ Aut(M, O) the automorphismF = (f,φ) ∈ Aut(M, O gr ) which preserves the Z-grading of O gr . Hereφ is uniquely determined by the relation
In this situation, we also say that the actionΦ lifts to Φ. An important problem is to describe those Z-graded actions on (M, O gr ) which lift to (M, O).
Let us formulate the corresponding infinitesimal problem (see also [8] , [10] ). As we saw in Subsection 1.2, there is a natural Lie algebra homomorphism σ 0 : v(M, O)0 → v(M, O gr ) 0 which is in general neither injective nor surjective. It follows that any Lie algebra homomorphism α : g → v(M, O)0 induces a Lie algebra homomorphismᾱ : g → v(M, O gr ) 0 , and we say thatᾱ lifts to α. Thus, the lifting problem for Lie algebra homomorphisms arises which is naturally related to the lifting problem for Lie group actions. In fact, to any analytic action Φ : G → Aut(M, O) there corresponds a homomorphism dΦ : g → v(M, O)0, where g is the Lie algebra of G, and one easily verifies that dΦ = dΦ.
Suppose now that a Z-graded action g → Ψ(g) = (f (g), ψ(g)) of a group G on a split supermanifold (M, O gr ) is given. Let us fix an open G-cover U = (U i ) i∈I on M and isomorphisms h i : O gr |U i → O|U i , i ∈ I, satisfying π p • (h i ) p = id. Using the action Int of Aut E on the sheaf Aut (2) O gr , we will consider it as a G-sheaf. 
In particular, in this situation gζ = ζ, g ∈ G.
If the action Ψ satisfies gz = z, g ∈ G, then it lifts to an action on (M, O).
Define the sheaf isomorphismsφ i (g) :
Then, clearly,
over any U i ∩ U j = ∅. Now, (31) and (32) imply thatφ i (g)(ξ) − ψ(g)(ξ) ∈ J p+2 gr for any ξ ∈ O p gr |U i , where J gr is the ideal subsheaf of O gr generated by odd elements. Therefore, we may writeφ i (g) in the form
where a(g) ∈ C 0 (U, Aut (2) O gr ). The automorphisms a(g) i depend analytically on g ∈ G, since ψ(g) and ϕ i (g) do. Clearly, (32) also implies the following relations:
, where the G-group structure on C 0 (U, Aut (2) O gr ) is defined by Int Ψ.
Moreover, (34) yields that over U gi ∩ U gj we have
Clearly, this is the same as
and thus (29) is proved. Conversely, suppose that there exists a cocycle a ∈ Z 1 (G, C 0 (U, Aut (2) O gr )) analytically dependent on g ∈ G and satisfying (29). Then we may define sheaf isomorphismsφ i (g) : O gr |U i → O gr |U gi over f : U i → U gi , i ∈ I, by the formula (32); these isomorphisms depend on g ∈ G analytically. Now, define the isomorphisms
Clearly, (29) implies the coincidence
Moreover, (30) is satisfied. In fact, we should prove that
, then both sides of (35) 
gr . Thus, (37) is proved, and Φ(g) is a lift of Ψ(g) for any g ∈ G. To prove that Φ is an action, we note that (29) is satisfied, since a(g) are crossed homomorphisms. This readily implies that ϕ(gg ) = ϕ(g) • ϕ(g ), g, g ∈ G.
Suppose now that the cocycle z is invariant under Ψ. Then we may take a(g) = e for all g ∈ G, and (29) will be satisfied. Therefore Ψ lifts to an action on (M, O).
Note that the same argument applied in a more simple form gives the following criterion for lifting of an individual automorphism (see [2] ). 3.2. The 1-cohomology of compact Lie groups. Let G be a compact topological group. This is a classical fact that the continuous cohomology groups H p (G, E) vanish for all p > 0 for a wide class of continuous G-modules E (see [4] , Ch. 3, Corollary 2.1, where this is proved for any quasi-complete G-module). We will prove a vanishing theorem for the non-abelian 1-cohomology of a compact Lie group arising from its action on a complex supermanifold.
Let (M, O) be a complex supermanifold such that M has countable topology. Then the group Aut(M, O) can be endowed with a natural Hausdorff countable topology turning it into a topological group. The convergence of sequences in this topology can be described as the compact convergence of sequences of usual holomorphic functions entering into the expressions of automorphisms in local charts. We omit the details, referring to Ch. 2 of [1] , where the similar theory for non necessarily reduced complex spaces is developed. For any p ≥ 1, the group Aut Proof. For any p ≥ 1, the exact sequence of sheaves (17) gives rise to the exact sequence of G-groups
is actually the subspace of vector fields that lift to (M, O) (in the split case it coincides with v(M, O gr ) 2p ). This sequence gives rise to the exact sequence of sets with distinguished points (see Theorem 2.1):
Note that H 1 (G,ṽ(M, O gr ) 2p ) = {0} for any p ≥ 1 by the classical result cited above. Therefore, (39) allows to prove the triviality of H 1 (G, Aut (2p) O) by induction on −p. Namely, Aut (2q) O = {e} for sufficiently large q, and if H 1 (G, Aut (2p+2) O) = {ε}, then the exactness of (39) implies that
A similar argument applies in some other situations. First, the groups of sections can be replaced by the groups of 0-cochains of an open G-cover. 
Here we denote by PT the subsheaf of T ∞ formed by derivations v of O ∞ gr satisfying v(f ) = 0 for all f ∈ F. Applying the same argument as above, we come to the following result. Proposition 3.5. Let a Z-graded action of a compact Lie group G on a split supermanifold (M, O gr ) be given. Then
3.3. Lifting and invariant cocycles. For simplicity, we denote in this subsection K = K (1) and K = K (1) . Let G be a real or complex Lie group, and suppose that an analytic action Ψ of G on a holomorphic vector bundle E → M (or, equivalently, a Z-graded action of G on the corresponding split supermanifold) be given. Using the action of Aut E on K described in Subsection 2.3, we see easily that K is a G-complex.
Our aim is to prove the following result.
Theorem 3.1. Let G be a compact or a complex reductive Lie group, and suppose an analytic Z-graded action Ψ of G on a split supermanifold (M, O gr ) be given. Let (M, O) be the supermanifold corresponding to a given class ζ ∈ H 1 (M, Aut (2) O gr ) by Theorem 2.2. Then the following conditions are equivalent:
Proof. First we consider the case, when G is compact. Suppose that Ψ lifts to (M, O) . Choose an open G-cover U of M , such that there exists a cocy-
G , and (ii) is satisfied. Conversely, (ii) implies (i) due to Proposition 3.1. Now suppose that ζ is represented by a cocycle 
G , whose cohomology class corresponds to ζ.
Conversely, suppose that µ
given by (23). Clearly, Ker δ 0 = C 0 (U, Aut (2) O gr ). Applying Proposition 3.4 and Lemma 2.1, we see that the cochain c can be replaced by a G-invariant one.
If G is complex reductive, then G = U (C) is the complexification of its maximal compact subgroup U . If (i) for G is satisfied, then, as we have proved above, ζ is represented by a cocycle z ∈ Z 1 (U, Aut (2) O gr ) U , where U may be supposed to be a G-cover. Consider the action dΨ of the Lie algebra g of G (see Subsection 3.1). Then the relations where u ⊂ g is the subalgebra corresponding to U . Since g = u(C), (41) is true for all u ∈ g, whence one deduces that (40) is true for all g from the identity component G • of G. But G = G • U , and hence (40) is true for all g ∈ G. Thus, (ii) is proved for G. The converse follows from Proposition 3.1.
We have actually proved that a cocycle z ∈ Z 1 (U, Aut (2) O gr ), where U is a Gcover, is U -invariant if and only if it is G-invariant. The similar assertion can be easily proved for elements of K 1 . It follows that (ii) and (iii) are equivalent for G.
3.4. Some classification problems. Let G be a compact or a complex reductive Lie group and suppose that an analytic action of G on a holomorphic vector bundle E is given. Then we have a natural Z-graded action of G on the split supermanifold (M, O) determined by E. Consider the following problem: to describe the supermanifolds with retract (M, O) admitting G-actions which induces the given G-action on (M, O) or E. Theorem 3.1 gives a solution of this problem in terms of the G-complex K = K (1) associated with E (see Subsection 2.3). Namely, let us consider the subcomplex 
Proof. We may assume that G is compact. Let u, v ∈ Z 1 (K) G be cohomologous in K, i.e., suppose that v = ρ(a)(u), where a ∈ K 0 . Consider the twisted complex K u described in Subsection 2.3. Since u is G-invariant, the operators given by (26) commute with the given action of G in K, i.e., K u is a G-complex. By Consider now the problem of describing the cohomology set H 1 (K G ) in the case when the given action of G is transitive on M , i.e., when E is a homogeneous vector G-bundle. Then we have a natural structure of the homogeneous vector Gbundle on the supertangent bundle ST (see Subsection 1.3). Fix a point o ∈ M and denote by P the isotropy subgroup G o ⊂ G. Then ST can be described by the linear representation of P in ST o determined by the action of G. This representation can be calculated using the matrix (13) .
The complex K G can be expressed in terms of P -invariants. Consider the bigraded differential Lie superalgebra S (2) = p≥1 S 2p, * with the natural bracket [ , ] and the coboundary operatorD = ad∂ (see Subsection 2.3). By [9] , it is isomorphic to the bigraded complex (R (2) ,∂), where R (2) = p≥1 A Suppose now that G is a reductive complex Lie group and P its parabolic subgroup, i.e., M is a flag manifold. Then for Lie algebras we have g = n + ⊕ r ⊕ n − and p = r ⊕ n − , where r and n − are the reductive Levi factor and the unipotent radical of p, while n + is the unipotent subalgebra of g opposite to n − . Then, by a theorem of Bott (see, e.g., [10] ), (R G (2) ,∂) can be interpreted as the complex of r-invariant cochains
r of the Lie algebra n − . In particular, (K q ) G , q = 1, 2, can be identified with the spaces of r-invariant q-cochains of n − . The detailed study of the non-abelian cohomology of this complex will be made in another paper.
